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Abstract

®

CrossMark

Wave propagation properties in a medium are fundamentally affected when this medium is
moving instead of at rest. In isotropic dielectric media rotation has two noteworthy
contributions: one is a mechanically induced circular birefringence, which materialises as a
rotation of the polarisation, the other is image rotation, which corresponds to a rotation of the
transverse structure of a wave. Here, we review the effect of rotation in a magnetised plasma.
‘We also point out applications to both astrophysical phenomena and laboratory devices. We first
show that the mechanical effect of rotation on polarisation is in a magnetised plasma
superimposed onto the classical Faraday rotation and that failing to account for this new
contribution could lead to errors in the interpretation of polarimetry data. We also demonstrate
that image rotation is recovered in plasmas for a number of low-frequency magnetised plasma
waves carrying orbital angular momentum and that this phenomenon holds promise for the

development of new rotation diagnostic tools in plasmas.
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1. Introduction

‘Wave propagation properties in a moving medium differ from
those in this same medium at rest. This fundamental result was
first postulated by Fresnel [1] and later demonstrated exper-
imentally by Fizeau [2] by observing the interference pat-
tern formed by light beams propagating along and against
a water flow. As seen from an observer in the laboratory
frame in which the medium is moving, the beam propagating
along the flow appears to propagate faster than that propagat-
ing against the flow, giving the appearance that the light is
dragged by the medium. Although Fresnel’s hypothesis of
aether drag proved to be wrong, the predicted formula for
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the dragging coefficient held, and was later shown by von
Laue to be consistent with relativity theory [3], and this
effect is accordingly still referred to as longitudinal Fresnel
drag.

While Fresnel and Fizeau’s original work focused
exclusively on the case of a longitudinal linear motion, that
is k || v with k the wave vector and v the medium’s constant
uniform velocity in the observer’s frame, the case of a trans-
verse linear motion, that is k L v, was later considered [4].
In this case, it is the optical path that is altered, with a group
velocity in the laboratory frame that now has a component
along the direction of motion of the medium. A beam passing
through a medium moving perpendicularly to the wave vector
thus exits the medium displaced in the direction of motion, as
demonstrated experimentally by Jones [4, 5]. By analogy with
the longitudinal effect identified by Fresnel, and because the
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dragging coefficient is the same [6, 7], this effect is referred
to as transverse Fresnel drag.

A situation closely related to transverse Fresnel drag,
though different in that the motion is not uniform, is that
of a wave propagating along the rotation axis of a rotating
medium. Interestingly, this configuration happened to have
attracted the interest of Thomson [8] and then Fermi [9]
years before the transverse Fresnel drag effect was identified.
Thomson and Fermi indeed postulated that a linearly polar-
ised wave propagating along the axis of rotation of a rotat-
ing medium should see its plane of polarisation rotate. This
result was demonstrated experimentally many years later by
Jones who examined light propagating along a rotating glass
rod [10]. At the same time, it was interpreted as a mechanically
induced circular birefringence—that is a difference in the real
refractive wave index for circularly polarised eigenmodes—
by Player [11]. By analogy with longitudinal and transverse
drags, this effect is often referred to as polarisation drag.

Because circularly polarised eigenmodes corresponds to
the wave’s spin angular momentum (SAM) states of =+A,
polarisation drag can be understood as a phase shift intro-
duced by rotation between eigenmodes of opposite SAM con-
tent. Expanding on this idea and noting that waves can carry
orbital angular momentum (OAM) in addition to SAM [12],
Padgett ez al postulated that rotation should similarly introduce
a phase shift between eigenmodes of opposite OAM content
+[h, which should materialise as a rotation of the transverse
structure of the wave [13]. Generalising Player’s derivation to
waves carrying OAM, Gotte et al showed [14] that in the case
of an isotropic dielectric with rest-frame wave phase index
ng(w) ~ 1 the angle by which the polarisation and the trans-
verse structure are rotated is the same and equal to
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with néﬁ the rest-frame group index of the medium, 2 the rota-
tion frequency of the medium, L the propagation length in the
medium and c the speed of light. The effect of rotation on
the wave carrying OAM, known as image rotation, was sub-
sequently demonstrated experimentally by taking advantage
of slow-light conditions in a rotating ruby rod [15].

Short of singular conditions though, the polarisation rota-
tion angle A6 introduced by rotation is small. This is because
in conventional isotropic dielectrics nj(w) and n, are typic-
ally O(1), and the angular velocity € of a solid medium is
limited by mechanical constraints. Quantitatively, Jones meas-
ured polarisation rotations of about 1 micro radian after cross-
ing four times a 10 cm long glass rod. From (1), directions
to enhance this effect can be divided into two categories,
namely media with large group or phase index and higher
angular frequency 2. The former has been exploited in solid
media by creating slow light conditions through electromag-
netically induced transparency [16—19] or coherent population
oscillations [15, 20, 21], which can then lead to an effective
group index n, in excess of 10°. The latter led to the use of

dilute media, notably super-rotors [22-24] that can achieve
Q~10"rads™!.

Plasmas are particularly interesting in this context in that
they can in principle take advantage of both of these options at
once. Indeed, the dispersive properties of plasmas offer oppor-
tunity for rotation for larger phase and group index, and rota-
tion in a plasma can be produced electromagnetically, remov-
ing the need for moving parts and allowing in turn for higher
angular velocities. On the other hand, plasmas are gyrotropic
media, so that rotation effects on wave’s SAM are superim-
posed on SAM properties in this same gyrotropic medium at
rest.

In this paper, we summarise what has been learned in recent
years about the effect of rotation on wave propagation in mag-
netised plasmas. Section 2 first recalls some basic elements
and definitions on propagation in a magnetised plasma at rest,
as well as reviews the two main approaches used to study
propagation in moving media. Section 3 then discusses the
effect of rotation on the wave’s polarisation, that is to say
its SAM, and points to different environments where these
effects could be of importance. Section 4 discusses the effect
of rotation on the wave’s OAM and considers the opportunities
this effect may hold for rotation diagnostic purposes. Finally,
section 5 summarises the main findings of this study.

2. Definitions and models

2.1. Circular birefringence in a magnetised plasma at rest

Before embarking on the analysis of the effect of rotation, we
briefly recall a number of definitions and results on the optical
activity of a magnetised plasma at rest.

First, let us write

. XL 7i>z>< 0
Xw)=| ixx xr 0 2
0 0 )ZH

the susceptibility tensor of a cold magnetised plasma at rest in
an inertial frame, with components

2
_ o Wha
XL(w)= XQ: G (3)
_ Qc(y wpaz
Xx(w)zg:fajwzisz: C)]
_ Wpa?
X)) === )

where Q. =|qa|Bo/ma and wpo = [l’laez/(maﬁ())}l/z are
respectively the unsigned cyclotron frequency and plasma
frequency of species «, and €, =¢n/|qo|- Parallel and
perpendicular directions are defined here with respect
to the background magnetic field By = By€,. Seeking
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plane wave solutions in the form A =Aexp[i(k-r—wr)],
Maxwell-Faraday and Maxwell-Ampere write

k xE' =wB’, (6)
kxH =-wD’, (7)
which with the help of the constitutive relations

D’ = ¢ (1 +x)-E’and B’ = 11H’ can be combined to give
22 2 R
[(?—I)H—Ek@m—x E=D-E =0 (8

where we used thatk x kx = —k*1 + k ® k. Non-trivial solu-
tions demand det(D) = 0. Focusing more specifically on par-
allel propagation k =" (0,0, k), that is a wave vector along the

background magnetic field, this condition writes

n—1-x1 X x 0
—iXx n—1-x. 0 =0 (9
0 0 717)7(“

with n = kc/w the refractive index. The solutions are

2 (w) =1+ %1 (w) £ xx (W), (10)
and one verifies that the & solutions correspond respectively to
right-circularly polarised (RCP) and left-circularly polarised
(LCP) eigenmodes E =E,, (&, +i€,)expli(k-r—wr)], with
left- and right-handed polarised waves defined here from the
point of view of the source in the direction of propagation of
the wave k. We write accordingly

rep” (W) = 1+ XL (w) + X(w) x» (11)

ey’ (@) = 14 X1 (w) = x(w)x- (12)

From (11) and (12) the difference in wave index 7, and
i, of RCP and LCP waves comes from the non zero off-
diagonal term Y . This difference in wave index translates into
a difference in phase velocity v, = ¢/n, which is the source of
a rotation of the plane of polarisation of a linearly polarised
wave [25]. After propagating over a distance / along k, the
polarisation has been rotated by an angle

A(w) = [iep () — Tirep ()] ;icl 13)

The polarisation rotation per unit length, also known as the
specific rotary power, then writes

sy = 290)

= ey () (@) 5. (14)
c

Going back to (4) we see that, other than for the particu-

lar case where the contributions to ¥ x of the different spe-

cies o cancel each other, the background magnetic field By is

responsible for a non-zero Y x . This underlines the gyrotropic

nature of plasmas, and the associated polarisation rotation is

the well known Faraday rotation [26]. Faraday rotation in
plasmas, especially in astrophysics, is often considered in the
limit that Q. < w and wp, < w [27-30]. In this limit, 1>

[X1]> |Xx|, X1 <0 and Yx <0, so that nip(w) = nrep(w)
when By > 0 and, from (13), A¢ > 0. Quantitatively,
Qeolne?
71101:(“-’) - ﬁrc‘p(w) ~ %7 (15)

which from (13) yields the classical scaling A¢ o< A\> with A =
27 /k the wavelength. Note, though, that this simple scaling is
only valid in the limit that the wave frequency is much larger
than the plasma natural frequencies (2., and wpe.

2.2. Laboratory vs. rotating frame modelling

After briefly reviewing propagation properties in a plasma at
rest, we now turn to the effect of motion. We note respectively
3} and X’ the laboratory frame and the plasma rest-frame, and
use a prime notation to refer to variables expressed in >’. Pre-
vious work aiming at determining the electromagnetic proper-
ties of a moving plasma can be divided into two groups accord-
ing to which frame of reference (X or X' ) is used.

The first group gathers studies examining propagation in
the plasma rest-frame or rotating frame X’. This is historic-
ally the first method used. In the particular case of rotation, this
method was notably used by Lehnert using MHD [31, 32] and
then by Tandon and Bajaj using a two-fluid model and Max-
well’s equations [33]. The two-fluid model was then exten-
ded by Uberoi and Das [34] to account for collisional effects,
and by Verheest to include thermal effects in the form of
a scalar pressure [35]. In all these studies, though, rotation
was only modelled through the Coriolis force. This choice
appears to have been guided by Chandrasekhar’s proposi-
tion that the Coriolis force may play a predominant role in
astrophysics [36], in contrast to laboratory scale phenomena
where centrifugal effects may be comparable or even dom-
inant. An example where this is expected to be the case is
supersonically rotating plasmas [37, 38]. In addition, Engels
and Verheest [39] argued that the use of the standard form of
Maxwell’s equations in these studies was incorrect and that
one should instead use Schiff’s current and charge densit-
ies [40, 41]. A basic issue at the root of this problem is that
the covariant equations of electrodynamics do not uniquely
determine the three-vector formulation of the electromagnetic
equations in a (non-inertial) rotating frame of reference [42].
As a result, there remains a question of which systems of
equations hold in the plasma rest-frame.

A second group gathers studies examining propagation in
the laboratory frame ¥, with two different approaches. A first
approach is to consider the transformation of the various para-
meters from the rotating plasma rest-frame to the laboratory
frame. This is the approach originally proposed by Player [11].
A challenge here though is that one has to decide what is
the medium’s response in its rest-frame, that is, using our
notations, how {’(w’) relates to X (w’). An assumption that
is most often made [11, 14, 43, 44] is that the properties of
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the medium are unaffected by the medium’s motion, that is
{'(w’) = x(w'). However, Baranova and Zel’dovich postu-
lated that there should be an effect of the motion on the refract-
ive index through the Coriolis force [45], and Nienhuis et al
showed that there should be an effect of the motion on the
refractive index for a dispersive medium near to an absorp-
tion resonance [46]. Jones’ experimental observations [10],
however, were found to be in agreement with Player’s predic-
tions [11]. A second approach consists in determining from
first principles the dynamics of charged particles in the labor-
atory frame, and to then use this equilibrium to expose the lin-
ear response of the moving plasma. In the particular case of
rotation, this is the method, we recently used to study OAM
waves in a rotating plasma [47].

In this paper, we focus on the latter group, that is we work in
the laboratory frame 3. The Lorentz transformations of fields
from the rotating plasma rest-frame to the laboratory frame
are used to expose the effect of rotation on the wave’s SAM
in section 3, whereas the linear response of a moving plasma
computed in the laboratory frame is used to expose the effect
of rotation on the wave’s OAM in section 4.

3. SAM effects in a rotating magnetised plasma

3.1 Circular birefringence in a rotating magnetised plasma

As mentioned above, one strategy to derive wave propaga-
tion properties in a rotating medium is to start from Maxwell’s
equation combined with the constitutive equations

D/ — D/(E/,B/)
H =H'(E',B)

(16)
a7

relating the field quantities in the medium’s rest frame, and
then to use an instantaneous Lorentz transform from a local
comoving inertial frame to the laboratory frame to obtain the
wave equations. This approach is precisely the one used by
Player [11] and Gotte et al [14] considering an isotropic dielec-
tric with scalar relative permittivity e = 1 4 x. In the case of
a magnetised plasma, the situation is more intricate in that
as shown in (2) the susceptibility is no longer a scalar x
but instead a non-diagonal tensor x. Yet, it has been shown
recently [43, 44] that this same method can be used to obtain a
dispersion relation for a transverse wave propagating along the
rotation axis of a magnetised plasma such that Q/Q =k/k =
By /By = €,. This configuration, shown in figure 1, is referred
to as an aligned rotator. In this case, it is found that the eigen-
modes are LCP and RCP, with phase index

nmpz(w) =14+x1(w—Q)+xxw—9Q)
Q

w

Xx (=) +x)(w—-2)+x1L(w-9)],
(18)

Mep? (W) =1+ Y1 (w+ Q) — Xx (w+Q)

D R0t ) - R (4 D) - R (D).
19)

X

z| k(2B

Figure 1. Rotating magnetised plasma for which the rotation axis
€, the background magnetic field By and the wave vector k are
aligned. This configuration is referred to as an aligned rotator.

We stress here again that a key assumption in deriving these
results, just like those previously obtained by Player [11] and
Gotte et al [14], is that the properties of the medium are unaf-
fected by the rotation (i.e. X'(w’) = x(w')).

Comparing (11) and (12), that is the wave indexes absent
rotation, with respectively (18) and (19), we see that rotation
has two effects. One is to add a supplemental contribution to
the wave index. This is the last term in the brackets on the right
hand side of (18) and (19). This extra contribution depends on
the handedness, and since we have shown that circular birefrin-
gence arises from a difference in the phase index between LCP
and RCP eigenmodes, we conclude that mechanical rotation
will affect polarisation rotation. This general result will be
discussed in more detail through various simplifying assump-
tions in the next paragraphs. The other effect of rotation on
wave indexes is that the frequency that appears in the dielec-
tric response is no longer the laboratory frame frequency w but
instead the angular Doppler shift frequency w’ = w F Q) that is
measured in the plasma rest-frame [48, 49]. This is expected
to become particularly important for rotation frequencies that
are comparable to the wave frequency. Finally, we verify as
expected that (18) and (19) reduce to (11) and (12) in the limit
Q=0.

Trying to make sense of (18) and (19), one can use the fact
that for low-frequency waves w < €2,; and slow rotation 2 <
w the components of the susceptibility tensor write to leading
order in w/Q < 1

Whi
RLwFQ) = 2, 20)
wp,-2 w
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1 wy? Qi
_ )= — 'pi ci o)
X (wFQ) NS (22)
with 72 < 1 the electron to ion mass ratio. This implies

that (18) and (19) reduce in this frequency band and for
Q<Kwto

Q
rep (@) = Tirp” () = %) () 23)

g () = Py () + ) (). @4

Examining the terms in (23) and (24), the rest-frame wave
index iy 1cp tends to a constant equal to (1+wy?/Q”)!/?
at low frequency, whereas as shown in (5) ¥ (w) oc w™2. This
allows us to conclude that there is a cutoff at frequency w®
below which one of the circularly polarised eigenmodes does
not propagate (LCP and RCP for respectively 2 > 0 and {2 <
0). For the remainder of this study, we consider only 2 > 0
as the generalisation to €2 < 0 is straightforward, and thus a
mechanically induced cutoff for the LCP wave. From (24) the
cutoff frequency is the solution of

w<>4 w<>3 Q“‘Z L Q
gw+m4H%s‘”mi“ @

Above this cutoff, both modes propagate and the difference
in phase indexes nyc, — 7iep, Which we see from (23) and (24)
comes both from the intrinsic gyrotropy 7iep (w) 7 firep (w) and
from rotation {2 # 0, is then the source of polarisation rotation.
This is illustrated in figure 2.

3.2. Under-dense plasmas

To better expose the effect of rotation, we now focus on under-
dense plasmas, and more specifically assume 0.2 /w,,,-2 =
va2/c? > 1, with v4 and c respectively the Alfvén velocity and
the speed of light. The cutoff then reduces to lowest order to
W = (). (26)
From (20) and (21) we also have |¥x (w < Q)| < ¥ (w <
Qi) < 1. For rotations slow enough that Q| (w)|/w < 1 a
Taylor expansion of the wave index difference then gives

2 2
Wpi w Q.°Q
op — Mrep ™~ —_—— —1, 27
Nicp — Hrep Qciz Q(;i w2 w ( )
and, from (14), the specific rotary power

Wy [ w? QO
o~ 2| = — =3 28
2Qc [szc,-z wz} @5

It should, however, be noted that (27) and (28) are only valid
for w > w® since the condition |y (w)|/w <1 is not veri-
fied at the cutoff.

The first term in brackets in (27) comes from the intrinsic
gyrotropy X x. Note that the apparent inverse scaling of

Magnetised plasma

RCP + LCP Modes
| -—
Qci w
Faraday rotation Polarlsfatlon
rotation

Rotating magnetised plasma

ReP-LCP
or
RCP- LEP

RCP + LCP Modes

~ | -
w: Qci w

;F’olarisation dra Polarisation
N. A. 1 + o

| Faraday rotation rotation

Figure 2. Sketch of the low-frequency w < €2.; behaviour of a
slowly rotating Q2 < w aligned rotator (bottom), as compared to the
classical behaviour of a magnetised plasma at rest (top). Rotation
introduces a low-frequency cutoff w® below which one of the two
circularly polarised eigenmodes does not propagate. Above the
cutoff polarisation rotation is the sum of Faraday rotation and
polarisation drag.

the magnetic field seen here through > is only the
consequence of the Taylor expansion of Y x at low frequency.
This term is the source of Faraday rotation. The second term in
brackets in (27) comes from the plasma rotation, as underlined
by its dependence on (2. This is the source of polarisation drag.
Note here that interestingly, just as shown through (15) high-
frequency Faraday rotation scales as the wavelength square,
the high-frequency polarisation drag scales as the wavelength
square.
From (27) one also finds that there is a frequency

w* — (QQL.I-3)1/4

(29
for which the contributions to polarisation rotation are equal
and cancel out. For w® < w < w* polarisation the drag domin-
ates over Faraday rotation. Conversely, Faraday rotation dom-
inates over polarisation drag for w > w*. Comparing w® and

w*, one finds
“i: 23 (@)1/12 & 3/4
We K Q Wpi

which confirms that there exists a frequency band where
polarisation drag is dominant in the limit of a slowly rotating
underdense plasma considered here.

(30)
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logyo(w/Se:)

Figure 3. Specific rotary power ¢ from (14) as a function of the
wave angular frequency w for low frequency waves (w < 1) in an
under-dense plasma, with (solid line) and without (dash-dot line)
rotation. Here, we choose Q¢; = 100w,; and w* /w, = 10. At low
frequency but above the cutoff w, polarisation drag is found to
dominate over Faraday rotation. Below the cutoff one of the two
circularly polarised eigenmodes does not propagate and as a result
4 is undefined.

Finally, it is possible to Taylor expand the wave indexes for
small (w — w®)/w®, that is near the cutoff where the n; = 0. In
this case, one finds

[ w—w®
Nicp — Hrep *\/E‘F 3 oo ,

revealing that polarisation drag near the cutoff exhibits a dif-
ferent scaling than the wavelength square dependence found
to hold at higher frequencies.

This behaviour across the low wave frequency range
[we,w™] is verified when plotting the specific rotatory power
computed from the full wave indexes (18) and (19), as shown
in figure 3. We verify that there is indeed a low frequency
region just above the cutoff w, where polarisation drag is the
dominant contribution to polarisation rotation. This behaviour
persists up until about w*, at which point polarisation drag
becomes negligible in the presence of Faraday rotation. The
fact that the transition from polarisation drag dominated to
Faraday rotation dominated is not observed to occur exactly
for w = w* in figure 3 comes from the fact that (29) is derived
from (27), which as mentioned above, is only valid in the limit
that w > w®. Here, this ratio is only about ten.

€2V

3.3. Implications

Although the study of polarisation drag effects in plasmas is
only at its inception, it is already possible to point to a number

of possible implications of the theoretical findings presented
above.

A particularly compelling reason to study these effects
concerns pulsars [50], and more particularly pulsar
polarimetry. Pulsars’ highly polarised emission makes them
unmatched sources to probe the magnetic fields through
Faraday rotation, and pulsar polarimetry has as a result,
become a standard tool to study magnetic field properties in
the interstellar medium (ISM) [51]. To do so though, one must
in principle track the evolution of the polarisation of a pulsar’s
signal from its source in the magnetosphere to an observer
on Earth. Because pulsars’ magnetosphere are supposed to be
co-rotating with the neutron star, one should, in light of the
discussion of polarisation drag above, account for this effect
in the rotating magnetosphere, which has been neglected to
date. Exploring this lead, it has been shown recently [43] that
this new contribution may not be negligible and, importantly
that due to the identical wavelength square scaling of both
Faraday rotation and polarisation drag at high frequencies
this new contribution may be mistakenly attributed to Faraday
rotation in the ISM. Capturing and modelling this effect is thus
essential to correct for possible systematic errors in interstellar
magnetic field estimates. Furthermore, disambiguating these
two contributions could offer a unique means to determine
the rotation direction of pulsars. One promising option here
would be to use the different frequency scaling of polarisation
drag near the cutoff shown through (31). A more detailed dis-
cussion of polarisation drag in the context of pulsars can be
found in [43].

Another interesting prospect for waves in rotating plasmas
is to combine rotation with the unique properties of plasmas
to enable new ways to manipulate light. The ability to control
light polarisation through nonreciprocal elements is indeed
key to many applicationsfor instance, in the form of optical
isolators in telecommunication systems. Material and phys-
ical processes classically used to achieve this control, how-
ever, often set limits on the range of applicability of these
technologies. For instance, the nonreciprocal properties of fer-
rites are hardly tuneable, and losses limit their applicability at
GHz frequencies and below. As mentioned in the introduction,
plasmas, on the other hand, have the conceptual advantage of
enabling broadband operation and having limited losses. Fol-
lowing this idea, it has been shown recently that the enhanced
polarisation drag effect observed in a rotating plasma above
the cutoff can under certain conditions lead to unprecedented
nonreciprocal properties in the THz regime [44]. Similarly to
the enhancement found using slow light in a ruby window [15],
the source of this circular birefringence enhancement in a
rotating plasma near the cutoff frequency can be framed as the
effect of a very large effective group index. Indeed, the group
velocity dw/dk of the LCP wave tends to zero as w approaches
w,. Beyond shear performance, a key advantage of a rotating
plasma based nonreciprocal system is that it can be highly
modular. Indeed, the polarisation drag enhancement occurs
near the cutoff, which from (26) can be controlled both through
plasma parameters and rotation. A more detailed discussion of
the polarisation drag for light manipulation applications can be
found in [44].
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Finally, it stands to reason that accounting for motion
and in particular rotational effects on propagation will prove
important for a variety of applications beyond astrophysics
and light manipulation. Information on the Doppler shift and
the wave index in a complex moving plasma is, for instance,
essential to ensure accurate interpretation of Doppler back-
scattering reflectometry data in fusion experiments [52, 53].

4. OAM effects in a rotating magnetised plasma

4.1. OAM carrying plasma waves

Plasma waves carrying OAM have been a research topic of
growing interest in the last decade. In unmagnetised plas-
mas, OAM-carrying plasma waves have for the most part
been studied theoretically under the scalar paraxial approxim-
ation [54-56], although exact solutions of the vector Maxwell
equations have recently been exposed [57, 58]. For cold mag-
netised plasma waves carrying OAM have been reported in the
form of Trivelpiece—Gould (TG) and Whistler—Helicon (WH)
waves [59-61], as well as predicted for twisted shear Alfvén
waves [62]. TG modes have also been observed experiment-
ally in non-neutral plasmas [63]. Here, within our objective
of exposing the effect of rotation in a magnetised plasma, we
focus on magnetised plasma waves and consider as an example
WH waves.

Waves carrying OAM classically take the form of waves
with helical wavefronts expj(/0 + 8z) with [ € Z and 8 € R,
which corresponds to an OAM content Al. For instance, the
axial magnetic perturbation B, is associated with WH eigen-
modes in a magnetised plasma with B = Byé, writes [47, 60]

B! = Ji(ar)expi(l0 + Bz — wt) (32)
where J; is the ordinary Bessel function of the first kind and
of order, « and S are the radial and axial wave vectors and /
is the azimuthal mode number characterising this eigenmode.
For a given mode number / and wave frequency w the radial
and axial wave vectors o and /3 depend on one another and
on plasma properties via the dispersion relation [47, 64]. A
characteristic feature of these modes is that their transverse
structure rotates as one moves along the axial wave vector 3€;.
Specifically, the direction of rotation depends on the sign of /
and thus on the sign of the OAM content of the wave. This can
be seen in figures 4(a) and (b) where the eigenmodes / = +1
and [/ = —1 are respectively plotted.

If the radial wave structure « is assumed to be set by the
antenna, the dispersion relation then determines . Interest-
ingly, one finds that in a plasma at rest 3 is independent of
1 [47, 64]. A consequence of this result is the following. Con-
sider the sum of eigenmodes of equal amplitude and identical
transverse structure « but equal and opposite OAM contents
+[. Since J_;(x) = (—1)"J;(x), one gets from (32)

2iJ;(aur) sin(10)e/Pe=D if [is odd
2J;(ar) cos(10)e/Pe=D if  [is even.
(33)

B§+B;1:{

0.0

(c) Magnetic perturbation B}'+BZ! for the sum
ofl=1andl= -1

Figure 4. The transverse structure at various locations along the
axial wave vector J€; of (a) an eigenmode / = +1, (b) an
eigenmode / = —1 and (c) the sum of two eigenmodes / = +1 with
equal amplitude. The sign of [ dictates the rotation direction of the
transverse structure of the wave. The sum of eigenmodes with
opposite OAM and equal amplitude is an azimuthally standing wave
with zero OAM. The colour code simply represents the normalised
intensity. A = 27t/ is the axial wavelength.

The combination of these -/ modes is therefore an azimuthally
standing wave [65], which has itself zero OAM. This is
illustrated in figure 4(c). Drawing an analogy with SAM,
we know that the sum of circularly polarised eigenmodes,
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which correspond to equal but opposite spin angular momenta
+h leads to a linearly polarised wave with zero angular
momentum. We now see that the sum of eigenmodes with
equal but opposite orbital angular momenta +I/ leads to a
wave with zero angular momentum.

4.2. Image rotation in a rotating plasma

In contrast, with the case of a plasma at rest for which as men-
tioned above (3 is independent of /, it was shown recently, that
the propagation of this same wave but in a rotating plasma
where Q||By is characterised by an axial wave vector /3 that
depends on / [47]. In particular, it was shown that

Bla,,Q,w) # Bla,—1,Q,w). (34)
If we now go back to our superposition of eigenmodes of equal
amplitude and identical transverse structure o but equal and
opposite OAM contents £/, we see that, as opposed to (33) the
phase of the resulting wave will depend on 6. This is confirmed
when plotting the transverse structure of this wave at various
locations along the axial wave vector [3€;, as shown in figure 5.
The transverse structure of a wave that is azimuthally standing
absent rotation, as shown in figure 5(a), is then rotated in the
presence of rotation as can be seen in figure 5(b). This is the
materialisation in plasmas of the image rotation phenomenon
known in dielectrics [13, 15]. Due to its analogy both with
Faraday rotation and Fresnel drag, this effect has been equi-
valently referred to as mechanical Faraday effect for OAM-
carrying beams, rotatory photon drag [15] or Faraday-Fresnel
rotation [47].

This result allows us to extend the analogy between SAM
and OAM in rotating plasmas further. We have seen in
section 3 that rotation induces a phase shift between eigen-
modes with opposite SAM components (the circularly polar-
ised eigenmodes), which is the source of polarisation rotation.
This is polarisation drag. The superposition of two waves with
opposite SAM components, which absent rotation would have
zero SAM, then has a non-zero SAM when rotation is present.
Similarly, we just showed that rotation induces a phase shift
between eigenmodes with opposite OAM components, which
is the source of the rotation of the transverse structure of a
wave. This is image rotation. The superposition of two waves
with opposite OAM components, which absent rotation would
have zero OAM, then has a non-zero OAM when rotation is
present.

4.3. Implications

In contrast, to polarisation drag, which competes with or sup-
plements Faraday rotation in rotating magnetised plasmas,
an interesting property of image rotation is that it comes
exclusively from rotation. This makes the use of OAM car-
rying waves advantageous compared to SAM carrying waves
for plasma rotation diagnostics, as there would be no need
to disambiguate which part of rotation comes from rotation
and which part comes from the magnetic field alone. Image
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(b) Q#0— B_; # By

Figure 5. The transverse structure at various locations along the
axial wave vector B¢, of the sum of two eigenmodes [ = +1 with
equal amplitude for (a) a plasma at rest and (b) a rotating plasma. In
the case of a rotating plasma the transverse structure is seen to rotate
as a result of a difference in axial wave vectors 8_; # B4
highlighted in (34). This is known as image rotation. Here

Ao = 47/ (B-1+ B41) is the average axial wavelength.

rotation may then, for instance, prove useful to diagnose rota-
tion in tokamaks, as it has already been suggested for ultracold
atomic gases [66] and solid objects [67, 68].

Although this difference gives a clear conceptual advantage
of image rotation over polarisation drag and should motivate
further studies, using OAM carrying waves also brings new
challenges. First, since image rotation involves a rotation of
the wave’s transverse structure, the plasma properties along
the beam path would have to allow preserving this structure.
Although what this exactly implies will likely depend on the
particular wave being considered, it stands to reason that some
degree of uniformity and structure would be needed on the
scale of the beam transverse size. Second, while image rotation
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indeed comes entirely from rotation and is zero absent rotation,
the amount by which the transverse structure is rotated may
depend on the magnetic field in the case of a magnetised
plasma. This is, for instance, the case for the WH modes dis-
cussed above since [ depends on the plasma parameters, one
of which being the electron gyro-frequency. An in-depth study
of these challenges and from there a critical assessment of the
potential of image rotation for plasma rotation diagnostics is
left for future studies.

5. Summary

Wave propagation properties in a moving medium differ from
those in this same medium at rest. In the case of a rotating
motion, different manifestations have been known to occur in
isotropic dielectrics. In this study, we discuss some recent find-
ings obtained when considering a magnetised plasma.

First, it is shown that the polarisation drag effect known
to occur in rotating isotropic dielectrics is recovered in the
case of a rotating magnetised plasma. Magnetised plasmas
do, however, bring more complexity in that this polarisation
drag is now superimposed onto the classical Faraday rotation,
which arises from the magnetic field. Polarisation rotation in a
rotating magnetised plasma where the wave vector is aligned
with both the rotation axis and the magnetic field thus has
two contributions: one from the magnetic field and one from
rotation. The latter has been neglected in plasmas up to this
date.

While this new contribution is often negligible compared
to Faraday rotation, we showed that polarisation drag can be
the dominant contribution to polarisation rotation under par-
ticular conditions. This is notably true for underdense plas-
mas in a frequency band below the ion cyclotron frequency
where polarisation drag is enhanced. Exploring this further, we
showed that this effect—if controlled—could lead to unique
nonreciprocal properties at THz frequencies, opening oppor-
tunities for the development of compact wavelength-agile isol-
ators using rotating magnetised plasmas. In addition to labor-
atory experiments, we also showed that polarisation drag in
plasmas may also be of importance in astrophysics and more
particularly for pulsar physics. More specifically, pulsar polar-
imetry is among other things routinely used to infer galactic
magnetic fields, and it is shown that failing to account for this
new effect in the magnetosphere that is generally assumed to
be co-rotating with the pulsar could lead to errors in mag-
netic field estimates. Fortunately, we showed that the dif-
ferent signatures of polarisation drag at low observation fre-
quencies could enable disambiguating this effect in pulsars’
signal.

Second, it is demonstrated that the phenomenon of image
rotation, that is the rotation of the transverse structure of a
wave in the presence of rotation, which has been known to
occur in isotropic dielectrics, is also found for a number of
low frequencies magnetised plasma waves in rotating plas-
mas. Just as polarisation drag arises from a phase shift induced
by rotation between eigenmodes with opposite SAM, image
rotation is also shown to result from a phase shift induced

by rotation, but this time between eigenmodes with opposite
OAM. Although the implications of this effect of rotation on
the wave’s OAM are yet to be uncovered, the fact that image
rotation results only from rotation and not from the magnetic
field itself creates opportunities for the development of new
plasma rotation diagnostic tools.

To conclude, the interpretation of polarisation drag and
image rotation in plasmas as two different coupling mech-
anisms between the wave’s spin and OAM components’ and
medium’s rotation proposed here opens a number of new
research directions. A particularly interesting prospect will be
to extend this work by considering only the reactive response
of a rotating plasma to now include the active (or resonant)
rotating plasma response. Understanding active coupling will
indeed help advance our comprehension of the practicality
of using waves to control plasma rotation [69-73], which
holds promise both for alternative fusion concepts [74, 75]
and for plasma mass separation applications [76, 77]. It will
also provide the tools to study how waves can generate mag-
netic fields [78] when rotation is present, possibly shedding
light onto the complex interplay between rotation and mag-
netic field dynamics observed across many environments in
astrophysics [79, 80]. Another motivating prospect is to extend
this work to more general geometries, notably to capture more
realistically the inclined rotator configuration that is charac-
teristic of pulsars.
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